For regular SU(3) Toda systems defined on Riemann surface, we initiate the study of bubbling solutions if parameters (ρ k 1 , ρ k 2 ) are both tending to critical positions:
INTRODUCTION
It is well known that a lot of models in various disciplines of sciences are described by second order elliptic systems with exponential nonlinear terms. Among all such systems and equations defined in two dimensional spaces, Toda system is probably the most important one, as it has profound connections with nonabelian gauge field in Chern-Simon's gauge theory (see [15, 19, 36, 38] etc), the solution of its reduced form represents metric with prescribed Gauss curvature with conic singularities (see [2, 14, 16, 20, 35] , etc). In this article we start from its simplest form: SU (3)Toda system and study the behavior of bubbling solutions in a critical situation.
Let (M, g) be a Riemann surface with vol(M) = 1 for convenience. The main equation we consider in this article is (1.1) is the simplest Cartan matrix, which has its more general form K as
The research of Toda systems has sustained over half an century of intensive and extensive investigations and the new results coming from different groups, new inspirations ignited by various perspectively, still make the whole field as dynamic as ever. It is simply impossible to list all the important references in any reasonable manner, so we focus on its connections with holomorphic curves in CP n , flat SU (n + 1) connection, complete integrability and harmonic sequences etc, the interested readers may look into [5] , [6] , [7] , [12] , [13] , [18] , [23] , [28] , etc for more exquisite presentations in many directions. The variational form of the more general system of n−equations is
where (k i j ) n×n is the inverse of the Cartan matrix,ũ = (ũ 1 , ...,ũ n ) ∈H 1 (M), which is defined asH 1 Note that the integral equal to 0 assumption is due to that fact that adding any constant vector to a solution of (1.1) gives rise to another solution. That said, we normalize the solution and write the system in an equivalent form: Let Here we recall that In a recent important work [27] a priori estimates for all singular rank 2 Toda systems have been obtained, which laid down the foundation for a program of degree counting for all rank 2 systems. In particular for SU (3) regular Toda systems, a prior estimate holds as long as ρ 1 and ρ 2 are not multiples of 4π. This means for 4πm < ρ 1 < 4π(m + 1), 4πN < ρ 2 < 4π(N + 1), there should be a topological degree that only depends on m, N and the genus of the manifold M. On the other hand, it is crucial to understand the asymptotic behavior of bubbling solutions when (ρ 1 , ρ 2 ) tends to the grid points (4πm, 4πn). A lot of work on blowup analysis and degree counting has been done when one of ρ k i s crosses a multiple of 4π while the other stays away from 4πN (see [21, 22] for example). In this article we initiate a direct attack to the study of bubbling solutions when both parameters are tending to critical positions. The study of this case is also closely related to theory of "critical point at infinity" of Bahri-Coron [3, 4] , the study of which will be carried out in forthcoming works.
Let u k = (u k 1 , u k 2 ) be a sequence of blowup solutions, we use λ k i to denote the maximum of u k i on M for i = 1, 2 and we assume (1.7) λ k i → ∞, for i = 1, 2, e −λ k i /4 λ k j → 0, i = j.
Note that u k 1 and u k 2 may not tend to infinity at the same point. We say p a blow up point of u k if there is a sequence of points x k → p such that max{u k 1 (x k ), u k 2 (x k )} → ∞. The last inequality in (1.7) is for convenience and is not a problem in applications. Also throughout the paper we don't distinguish sequences and subsequences.
One main feature of Toda system, as well as many second order elliptic equations/systems with exponential terms, is the concentration phenomenon. A scaling of the system does not change the equations much, which implies that a profile of a global solution can be found in a small neighborhood of a blowup point. Since we require one parameter to tend to 4π, it rules out the possibilities of fully bubbling profile for the whole system, which means around each bubbling disk, only the profile of a global solution for ONE equation occurs. One major difficulty in analysis is when multiple bubbling disks all tend to one blowup point. Here we invoke the following definition of (σ 1 (p), σ 2 (p)) in [25] : suppose p is a blowup point,
ρ k i h i e u k 1 , i = 1, 2.
Note that the limit of k → ∞ is taken first, the second layer limit: lim δ →0 is of secondary importance. For regular SU (3) Toda system all the possible formations are (2, 0), (0, 2), (2, 4) , (4, 2) , (4, 4) .
Since we require ρ k 1 → 4π, if p is a blowup point of u k 1 , the only possible formations are (2, 0) or (2, 4) . It has been proved in [34] that it is possible to construct a sequence of bubbling solutions u k = (u k 1 , u k 2 ) such that u k 1 and u k 2 have a common blowup point q k and around q k , the following spherical Harnack inequality holds for u k 2 :
(1.8) u k 2 (x) + 2 log |x − q k | ≤ C, in B(q k , τ). and if the system is scaled according to the maximum of u k 2 around q k , the scaled functions of u k 2 converge to
On the other hand for the blowup type (2, 4), Ao-Wang [1] constructed u k = (u k 1 , u k 2 ) such that u k 1 and u k 2 have a common blowup point, q k is a local maximum of u k 1 and u k 2 has two local blowup points p k 1 , p k 2 such that
The main contribution of this article is to completely describe the profile of bubbling solutions when (ρ k 1 , ρ k 2 ) → (4π, 4πN). Our first conclusion is about possible formations of bubbling profiles, which says the two cases of bubbling collisions constructed in [34, 1] are the only two possible cases:
be a sequence of solutions of (1.4) that satisfies (1.7), (1.3) and (1.5) . If (ρ k 1 , ρ k 2 ) → (4π, 4Nπ) for some N ∈ N and N ≥ 2, there are only three possible formations of bubbling solutions:
(1) q k → q, p k l → p l , for l = 1, ..., N where q, p 1 , ..., p N are N + 1 distinct points, q k is a local maximum of u k 1 , p k l s are local maximums of u k 2 . (2) u k 1 has one blowup point q, u k 2 has N − 1 blowup points: q, p 3 , .., p N . For τ > 0 small, (1.8) holds for u k 2 . (3) u k 1 has one blowup point q, u k 2 has N − 1 blowup points q, p 3 , ..., p N . In a small neighborhood of q that excludes other blowup points, there are two local maximums of u k 2 (denoted as p k 1 , p k 2 ) and one local maximum of u k 1 denoted as q k , (1.9) and (1.10) hold for p k 1 , p k 2 , q k . We shall use cases 1,2,3 to describe the three alternatives in Theorem 1.1. Case one is an obvious possibility, case two and case three were constructed in [34] and [1] respectively.
Before stating the next result we fix some notations: we use λ k 2,q to denote the maximum of u k 2 in B(q k , τ) where q = lim k→∞ q k is a common blowup point of u k 1 and u k 2 , q k is a local maximum of u k 1 , K(q k ) stands for the Gauss curvature at q k . In case three we use δ k to denote the distance between p k 1 and q k , finally we use ∇ 1 G(x, y) to denote the differentiation with respect to the first component of G(·, ·).
For ρ k 2 → 4π or 8π we have the following results.
be a sequence of solutions of (1.4) that satisfies (1.7), (1.3) and (1.5) . If (ρ k 1 , ρ k 2 ) → (4π, 4π), u k 1 and u k 2 each has one blowup point and these two points are distinct.
In other words, only case one occurs for (ρ k 1 , ρ k 2 ) → (4π, 4π). The following two theorems state simple situations for (ρ k 1 , ρ k 2 ) → (4π, 8π), the proofs of which are based on the main estimates for case two and case three in more general situations afterwards.
be a sequence of solutions of (1.4) that satisfies (1.7), (1.3) and (1.5) . Suppose ρ k 1 → 4π from below, and ρ k 2 → 8π. If ∇(log h 1 + 2 log h 2 )(q) + 24π∇ 1 β (q, q) = 0 on M, then u k 1 has one blowup point, u k 2 has two blowup points and these three points are all distinct.
If we don't assume ρ k 1 to tend to 4π from below, we have Theorem 1.4. Let u k = (u k 1 , u k 2 ) be a sequence of solutions of (1.4) that satisfies (1.7), (1.3) and (1.5) 
1 has one blowup point, u k 2 has two blowup points and these three points are all distinct. Our other main results include sharp estimates of the profile of bubbling solutions: Their pointwise estimate, location of blowup points, comparison of heights for each case. The readers are referred to each of the following sections for detailed statements. The main theorems in these sections provide crucial information about bubble interaction in terms of their heights, locations and proximity to threshold values. Just like in the single equation case, these results will play an important role in the construction of bubbles and the derivation of corresponding degree counting theorems. Even in the critical case (ρ 1 , ρ 2 ) = (4π, 4πN), the results in this article are useful in the application of critical point at infinity. We will continue to carry out all the related theories in the future.
One major analytical difficulty related to Toda system is that maximum principles fail miserably. In this article we take advantage of the Harnack inequality proved in [25] and analyze the behavior of solutions using their spherical averages. At one point we need to approximate bubbling solutions accurately by global solutions. Since solutions to Toda systems may not have any symmetry, we use some key ideas in [26] to achieve this goal. In addition, many standard results for single Liouville equations will be used to obtain precise error estimates.
The organization of this article is as follows: In section two, all the estimates for case one are derived based on results for single equation. Then in section three we analyze the formation of bubbling coalition and then derive all the estimates for case three. Here the local maximums of u k 1 and u k 2 are proved to be on a line. As far as know this is the first time such an estimate has been proved for Toda system. In section four all the estimates for case two are established. One crucial ingredient in the proof of this section is a precise estimate for bubbling approximation, which depends heavily on the key idea in [26] for defeating the lack of symmetry and the non-degeneracy of the linearized Toda system established in [28] . Finally we put the proofs of the theorems in the introduction in section five and explained the key idea in [26] for the simplest case in the appendix.
Notation: We use B(p, r) to denote the ball with radius r with center p. If p is the origin we sometimes use B r instead of B(0, r).
CASE ONE
First we recall that case one means the only blowup point of u k 1 is a not a blowup point of u k 2 . Thus there are N + 1 blowup points all together. In this case we use the results of single Liouville equation to prove the following main result:
be a sequence of solutions of (1.4) that satisfies (1.7), (1.3) and (1.5) . If (ρ k 1 , ρ k 2 ) → (4π, 4Nπ) and the situation described in case one of Theorem 1.1 occurs, we have
where q k is a local maximum of u k 1 ,
where p k l ( l = 1, ..., N) are local maximum points of u k 2 . The locations of q k , p k 1 ,...,p k N are related by
The comparison of the magnitudes of u k 2 at each blowup is stated as
Here we note that in case one there is no direct relation between λ k 1 and λ k 2 . This phenomenon changes in case two and case three.
In order to prove those estimates in Theorem 1.1 we need to focus on one equation frequently. We first apply the following standard procedure to single out one equation near a blowup point: Suppose q is a blowup point of u k 1 and not a blowup point of u k 2 , we let
be a solution of
Using f k 2 we can remove u k 2 from the equation for u k 1 :
Now we use ds 2 = e φ |dx| 2 to denote the isothermal coordinate in a neighborhood of q: Suppose q k is a local maximum of u k 1 (lim k→∞ q k = q), in local coordinates,
where K(q k ) is the Guass curvature at q k . With the conformal covariant property of ∆ g in surfaces ( ∆ g = e −φ ∆) we write (2.1) in a neighborhood of q k as
For applications later it is more convenient to make the equation homogeneous and make the solution having no oscillation on ∂ B τ . For this purpose we set f k 3 be a solution of
0)| = 0, and let ψ k 1 be a harmonic function on B τ that eliminates the oscillation of u k
By the mean value property of harmonic functions ψ k 1 (0) = 0. Later in application it is clear that u k 1 , f k 2 and f k 3 all have finite oscillation on ∂ B τ so all the derivatives of ψ k 1 are bounded in B τ/2 . Lumping f k 2 , f k 3 and ψ k 1 with u k 1 we write (2.1) as
we here emphasize thatũ k 1 is a constant (depending on k) on ∂ B τ . Before deriving sophisticated estimate we start with a crude one:
Proof of Lemma 2.1:
Here we recall that q k is a local maximum of u k
, which is 0 in the local coordinate system. Letq k be the maximum point ofũ k 1 , here we cite a standard result for single equation [17, 8, 39] 
Using (2.9) and (2.8) in the following computation, we have
, we see that the estimate of ρ k 1 − 4π in (2.7) holds. The estimate of ρ k 2 − 4πN can be derived in a similar fashion since all the blowup points of u k 1 and u k 2 are distinct. The influence of u k 1 can be removed from the equation for u k 2 around a blowup point and everything can be carried out as before. Lemma 2.1 is established.
In order to derive more precise estimates we use the expansion of bubbling solution for Liouville equation, as employed in the proof of Lemma 2.1, to have
Here we note that if N > 2, u k 2 has N − 2 blowup points other that q k in case two and case three. Let p k 2,l (l = 3, ..., N) be these blowup points, by results for single equation
., N. Since certain errors occur very frequently we use the following notations:
. Taking advantage of these new notations in direct computation, we have, from the definition of h k i in (2.6), that h k
Now we compute
, and the expansion is
Using the expansion in the calculation we have
Note that the term involving ∇h k 1 (0) is part of an error because of symmetry. The Pohozaev identity for single equation gives 
Going back to the definition of h k 1 we have
and the corresponding expression for log 1/ε k in (2.14), we havẽ
The following lemma determines the location of q k :
Proof of Lemma 2.2:
Let ξ ∈ S 1 , the following Pohozaev identity forũ k 1 holds:
First we observe that the first term on the right hand side is minor because its order is SE 2 . In order to evaluate other terms on the right hand side of (2.17) we consider the Green's representation of u k
In view of the fact thatf k 2 = 0 based on its definition, we have
By the definition of h k 1 we see that (2.16) holds. Lemma 2.2 is established. Now we determine the leading terms of ρ k 2 − 4πN. Define ρ k 2,l by the integration of ρ 2 h k 2 e u k 2 over B(p k l , τ) for some small τ > 0 (so that B(p k 1 , 2τ) does not contain other blowup points). Let
Then for x away from q k we have
and
The equation for f k
Later we shall use (2.21) to determine the relations between λ k 2,l = u k 2 (p k l ). Now we write (2.21) as
The values ofũ k 2 and h k 2 at the origin are
Green's representation of u k 2 gives
After using results for single equation we have, for x away from p k l ,
Using the Pohozaev identity for single equation, we obtain the location of p k l as follows:
and v k (y) =ũ k 2 (ε k y) + 2 log ε k , Then the leading term in the expansion of v k is log 1
Then following the same computation as before we have
By the definition of h k 2 we have (2.25)
The Pohozaev identity for single equation gives
which leads to
Using the definition ofũ k 2 (p k l ) and ε k , we have
Now we use the results for single equation to derive the mutual relationship between λ k 2,l and λ k 2,s (l = s). First it is easy to see that the only difference between any two of them is O (1) .
we focus on x = p k l and have
To evaluate the second term on the right hand side, we use
where Ω k = B(0, τε −1 k ), h k 2 is as before, the scaled version ofũ k 2 is v k , which satisfies v k (y) = log 1
It is elementary to verify that
Note that the following equality is used in the evaluation above:
Putting all the information together we have
Here Thus for l = s, equatingū k leads to
Proof of Theorem 2.1 . The difference of ρ k 1 and 4π can be found in (2.15), ρ k 2 − 4Nπ is stated in (2.26) . The location that q k satisfies, as a local maximum of u k is derived in (2.18) and for each local maximum p k l of u k 2 , the location is determined in (2.24) . Finally the comparison of the magnitudes of local maximum values of u k 2 is established in (2.27). Theorem 2.1 is established.
CASE THREE
In this section we establish sharp estimates for case three stated in Theorem 1.1. First we recall that q k is the only blowup point of u k 1 and q = lim k→∞ q k is also a blowup point of u k 2 . Moreover, u k 2 has two local maximum points p k 1 , p k 2 , both tending to q but the spherical Harnack inequality around q k is violated:
Our main results for case three in the statement of Theorem 1.1 are as follows. First for N = 2, we have Theorem 3.1. In case three and N = 2, the following conclusions hold:
. In case three and N ≥ 3, we have Theorem 3.2. For case three and N ≥ 3, the following conclusions hold: For some
., N. Finally the comparison of heights can be found in
Note that the comparison between λ k 2,l and λ k 2,m for l = m (l, m ∈ {3, ..., N}) can be obtained by the last estimate in Theorem 3.2. Also the d k in Theorem 3.2 is o(1) because of (2) and (3).
Case three is about bubbling disks colliding into one point. Since ρ k 1 → 4π, at least around the bubbling disk that contains the maximum of u k 1 , we have
Using the fact that B(q k ,τ) h 1 e u k 1 ≤ 1, we see immediately that there is only one bubbling disk for u k 1 . we recall the definition of σ i in [25] :
Since the classification of (σ 1 , σ 2 ) for SU (3) Toda system is
the only type that can have colliding bubbling disks is (2, 4), which has two possible formations: (1) Either one bubbling disk that contains a partial blowup profile of u k 1 with two other bubbling disks of partial blowup of u k 2 , or, (2) after scaling according to the magnitude of u k 2 , the scaled function of u k 2 tending to
We first consider the case that (2, 4) consists of three bubbling disks of (2, 0), (0, 2), (0, 2) respectively. Let q k and p k 1 and p k 2 be the centers of these three bubbling disks. We first prove that q k is roughly the mid-point of p k 1 and p k 2 . Recall that λ k 2,q is the maximum u k 2 in B(q k , τ). Since q k is the common blowup point for u k 1 and u k 2 , we now consider the local version of the system in a neighborhood of q k : First using the φ function corresponding to the isothermal coordinates at q k we write the system as
Then we use the following two functions to eliminate the right hand side:
Let ψ k i be the harmonic function that eliminates the oscillation of u k i − f k i on B(q k , τ) for some τ > 0 small. By setting
we write the system in B(0, τ) as [17, 39] ). Before we deduce more specific locations of Q i , we recall that the concept of group, defined in [25] , describes a few bubbling disks of comparable distances to one another but far away to bubbling disks not in the group.
and Q k i be the images of p k i after scaling (i = 1, 2, Q k i → Q i ), then we have Q 2 = −Q 1 .
Proof of Lemma 3.1:
The system after scaling becomes
for some R k → ∞. 
. Using Green's representation it is also clear that v k i has bounded oscillation around each of the bubbling disks. If we consider the location of blowup at the origin, it satisfies
Combining (3.6) and (3.8) we obtain Q k 2 = −Q k 1 + o (1) . With the new information revealed in Lemma 3.1 we now consider the equation 
Here we note that (3.10)
The reason is by the result of the single Liouville equation we already have
this fact, together with ρ k 1 → 4π and M h 1 e u k 1 = 1, proves (3.10). Let
To see this we consider the equation ofv k 1 (r).
Since v k 2 has very fast decay, it is easy to see from σ k
We further observe from the results for single equation that
The reason for (3.12) is
where δ 2 k comes from the scaling. Thus (3.12) holds. (3.13) can be proved similarly. Lemma 2.1 of [25] says that v k i is O(1) different from its spherical average away from bubbling area. Thus we consider the equation ofv k 1 , then (3.12) and (3.13) yield (3.14) ε
Then the equation forv k 1 (r) can be written as
Because of the decay of v k 2 we have 
. This estimate of v k 1 gives a crude estimate ofσ k 1 (r):
which leads to a lower bound ofv k 1 (r) as d drv
Thus we obtain a lower bound ofσ k 1 (r):
In particular for r ∼ δ −1 k we have (3.17) µ k 1 + (2 + ε k ) log δ k → ∞, because otherwise ρ k 1 would not tend to 4π. As an immediate consequence µ k 1 + (2 + o(1)) log δ k → ∞, which means the two terms related to µ k 1 in (3.14) are completely harmless and the estimate ofσ k 1 (r) becomes
Then it is easy to see that
In particular (3.11) holds.
One quick observation based on (3.11) is that we now have a more precise estimate of v k 2 away from the bubbling area:
Now we prove more precise description of p k 1 and p k 2 , the two local maximum points of v k 2 around q k . From
where Ω k is the re-scaled domain Ω k = B(0, τδ −1 k ) for some τ > 0 small, and v k 2 is constant on ∂ Ω k , G k is the Green's function with respect to Dirichlet boundary condition: 
. From (3.22) it is easy to see that the harmonic function that eliminates the oscilla- 
Using this in the Pohozaev identity around Q k 1 , we have (1) . We set it as Q k 2 = (− cos θ k + a, − sin θ k + b). Using this expression of Q k 2 in (3.25), we observe by elementary computation that
Using the fact that a, b = o(1) we first observe that
Inserting (3.27) in (3.26) we have
After computation we have
. If N ≥ 3 and p k l is another blowup point for u k 2 with local maximum value λ k 2,l , we know from the results for single equations that around p k l , u k 2 (x) = −λ k 2,l + O(1), |x − p k l | = τ. Thus the comparison of the value of u k 2 away from bubbling disks gives
.., N. In order to determine the harmonic functions that cancel the oscillation of u k i on ∂ B(q k , τ), we use the Green's representation of u k i around q k :
Indeed, we evaluate the integral into integration over B(q k , 2δ k ) and M \ B(q k , 2δ k ).
The integration of G(x, η)ρ k 2 h 2 e u k 2 (η) over these two regions gives
as the sum. The evaluation of
For simplicity we set
By studying the ODE ofv k 1 (r) and the Green's representation of u k 1 , we obtain easily that
With the estimate of eū k 1 we evaluate ρ k 1 − 4π as follows: First for a small neighborhood of q k , using results for single equation we obtain
Note that δ 2 k comes from differentiating coefficient function twice. Then the integration over M \ B(q k , Nδ k ) gives, using Green's representation formula of u k 1 ,
for N ≥ 3. Note that −4πG(x, p k l ) has a good sign near p k l and is integrable near p k l . Thus ρ k 1 − 4π in Theorem 3.1 and Theorem 3.2 can be derived from (3.33), (3.34) and (3.35) .
To evaluate ρ k 2 − 4Nπ, we first consider the integration around q k : Letρ k 2 = B(q k ,2δ k ) ρ k 2 h 2 e u k 2 dV g , we first claim that
Indeed,
Here we note that δ 2 k comes from the Laplacian of the coefficient function. The integration of over B(p k 2 , δ k /2) can be evaluated similarly. Since v k 2 (y) = −µ k 2 + O(1) on ∂ B 2 and v k 2 has a very fast decay, it is easy to see that
Thus (3.36) follows. Next Green's representation for u k 2 gives
Thus, from (3.31) and (3.32) we see that the derivatives of the harmonic function that eliminates the oscillation of u k 1 around q k satisfy
Note that ∇ f k i (0) = 0 is used. Similarly from (3.37) we have
Thus the location statements in Theorem 3.1 and Theorem 3.2 are justified. Note that the spreading of bubbling circles implies λ k 2,q + 2 log δ k → ∞, which gives (3.30) . In order to determine the relation between λ k 2,q with λ k 2,l , we use Green's representation of u k 2 . It is easy to see that
To determine the relation betweenū k 2 and λ k 2,q , we consider the expansion of v k 2 around Q k 2 and without loss of generality we assume that v k 2 (Q k 2 ) = µ k 2 . Then for 1 8 
where ψ k 2,v is a harmonic function that eliminates the oscillation of v k 2 on ∂ B(Q k 2 , 1/2) and satisfies ψ k 2,v (Q k 2 ) = 0. For simplicity we set
Now let Ω k = B(0, τδ −1 k ) and we consider the expression of v k 2 on Ω k by the Green's representation formula:
Using G k (y, η) as in (3.21), we have, for y ∈ B( 
Then we immediately obtain
Recall thatũ
The equation of f k 2 + ψ k 2 determines that
Evaluating the Green's representation of u k 2 near q k gives, for |x − q k | ∼ τ,
where the expression of f k 2 + ψ k 2 is used. Thus evaluating (3.49) for |x − q k | = τ and comparing it with (3.48), we havē
Now we evaluate u k 2 in a neighborhood of p k l for each l ≥ 3, from the Green's representation of u k 2 we have
k . Use the expansion of u k 2 around p k l and the result for single equation we havẽ
Comparing (3.51), (3.52) and (3.53) we havē
The two different expression ofū k 2 in (3.50) and (3.54) lead to λ k 2,q − 2 log δ k + 2 log
Finally using results for single equation and (3.51) we know that at each p k l we have
Proof of Theorem 3.1: The largeness of λ k 1 is proved in (3.11) , the fact that λ k 2 + 2 log δ k → ∞ is the nature of the selection process that determines the bubbling disks. The estimate of ρ k 1 − 4π is a combination of (3.33) and (3.34) . The corresponding result on ρ k 2 −8π is proved in (3.36) and the smallness of M\B(q k ,τ) ρ k 2 h 2 e u k 2 (which is O(e −λ k 2 )). In this case there is only one common blowup point q k , whose location satisfies (3.39 
where ρ k 2,l = B(p k l ,τ) ρ k 2 h 2 e u k 2 for small τ. Then using u k 2 = −λ k 2 + O(1) outside bubbling area, we obtain the desired estimate of ρ k 2 − 4Nπ in the statement. The location requirements of q k and p k l are derived in (3.40) and (3.56), the comparison of λ k 2,q with λ k 2,l is established in (3.55). Theorem 3.2 is established.
CASE TWO
Theorem 4.1. If the case two of Theorem 1.1 occurs, we have, for N = 2, the following estimates: for some D > 0. Finally at q k we have
Note that in case two, q k is the common blowup point for both u k 1 and u k 2 . u k 2 has no other blowup points if N = 2. 
.
for some D > 0. Finally the locations of blowup points are related by
. and the magnitudes of u k 2 at p k l (l ≥ 3) are linked by
, for l, m = 3, ..., N and l = m.
Theorem 4.1 immediately implies that case two does not occur if ρ k 1 tends to 4π from below. In local coordinates of q k we rewrite the equation just like in case three: let φ satisfy (3.1), f k 1 and f k 2 be defined as in (3.2) and let ψ k i ,ũ k i , h k i be defined as in case three. Then in B(0, τ) we have (3.4) in B(0, τ) .
The difference between this case and case three is that if we set ε k = e −λ k 2,q /2 and v k 2 (y) =ũ k 2 (ε k y) + 2 log ε k . v k 2 converges to a function v(y) that satisfies ∆v(y) + 2 lim
where h k 1 (ε k y)e v k 1 (y) tends to 4πδ 0 in measure. Here v k 1 (y) =ũ k 1 (ε k y) + 2 log ε k . So in this case we have λ k 1 − λ k 2,q → ∞. Let Ω k = B(0, τε −1 k ) and we use the following function to remove v k 2 from the equation for v k 1 : f k 2b defined by
. Thus we write the equation for v k 1 as
Here we further observe that
The fast decay of v k 2 and the fact that v k 2 ≤ 0 makes it easy to use a test function to remove v k 2 in the equation for v k 1 . Then just like the proof in the previous section, starting fromv k 1 (R) = −µ k 1 + O(R), we can use ρ k 1 → 4π to further prove (4.8) just like before. Clearly (4.8) is equivalent to (4.9) λ k 1 − 2λ k 2,q → ∞. The derivation of the leading term of ρ k 1 − 4π is similar to case three. After scaling according to λ k 2,q , the total integration of ρ k 1 h 1 e u k 1 can be estimated by two parts. One part is the integration in B(q k , Rε k ) where ε k = e −λ k 2,q /2 , R >> 1 and the remaining part is the integration over M \ B(q k , Rε k ). Using Gluck's result in [17] for (4.7) and the fact that ∆ f k 2b (0) = O(1), we have (4.10)
If N = 2, by the Green's representation of u k 1 , we see that for
which implies that (1) . Thus 
Thus in this case (4.12)
The combination of (4.10) and ( 
in Ω k .
The following lemma proves a minor difference between e f k 1b and |y| 2 .
Lemma 4.1.
Proof of Lemma 4.1: We evaluate f k 1b in two parts:
The first term is
as a result of integration over B(q k , τ) and M \ B(q k , τ). The evaluation of the second term is based on integration over the following three regions:
Apply standard estimate in each of the domains we see the second term is O(e −µ k 1 )(1 + |y|) 2 log(2 + |y|). Lemma 4.15 follows from the combinations of estimates for these two parts.
Remark 4.1. For later use we observe from (4.16) and the estimate of f k 1b that the
v k converges to U that satisfies
Using the idea of [26] , we can adjust the parameters of U a little bit to U k and make v k agree with U k on three points p 1 ,p 2 ,p 3 :
The detail is as follows: Choose 1 << |p 1 | << |p 2 | << |p 3 | such that the following matrix invertible (see the appendix for the details of choosing p i ):
Thus if a o(1) perturbation is placed on v (to make v k (p j ) = U k (p j ) for j = 1, 2, 3), all we need to do is change the parameters Λ, ξ by a comparable amount. So even though we have a sequence of parameters Λ k , µ k , they are not tending to infinity. Now we rewrite the equation for v k as
where the error termẼ k satisfies
Moreover, we have w k (p j ) = 0, j = 1, 2, 3.
The equation for w k is
where ξ k comes from the Mean Value Theorem. The main result for w k is Green's representation formula forŵ k (y k ) gives
where we have usedŵ k (p 1 ) = 0 andŵ k = C +
The estimate of the Green's function G k on Ω k is (see [33] for detail)
where
If y k → y * ,ŵ k converges to a solution of
with mild growth: |φ (y)| ≤ C log(2 + |y|).
By the non-degeneracy of the linearized equation,
Using φ (p i ) = 0 for i = 1, 2, 3, we have, by the invertibility of matrix (4.17), c 1 = c 2 = c 3 = 0, thus φ ≡ 0, a contradiction toŵ k (y k ) = ±1.
If y k → ∞, the evaluation ofŵ k (y k ) = o(1) can be obtained by elementary estimates, a contradiction to ±1 =ŵ k (y k ). Thus (4.20) is established.
Just as in case three, the estimate of ρ k 2 − 4Nπ starts from the neighborhood of q k : letρ k 2 = ρ k 2 B(q k ,τ) h 2 e u k 2 dV g andε k = ε k + e −λ k 1 +2λ k 2,q , then
From here we further claim that, for N ≥ 3, Now we discuss the location of blowup points and the comparison of bubble heights in case two. For convenience of notation we set
which is the main error in this section. First we use the Pohozaev identity for system to determine the location of q k : For ξ ∈ S 1 ,
where ν is the outer-normal vector on ∂ B τ . By using the expansion of u k 1 and u k 2 at q k , we see that (4.24)
∇ log h k
Note that (4.24) is obtained as follows. First for B τ ∂ ξ (log h k 1 )h k 1 eũ k 1 we use the point-wise analysis forũ k 1 inside B(0, Nε k ) and B τ \ B(0, Nε k ) for N large. Then it is easy to see that
The integration of ∂ ξ (log h k 2 )h k 2 eũ k 2 can be evaluated using the O(ε k ) expansion ofũ k 2 :
Since ξ is an arbitrary vector in S 1 , the left hand side of (4.23) is
It is also easy to evaluate the right hand side of (4.23), because, first, ∂ B τ h k i e u k i (ξ · ν) = SE 5 by the rough estimate of u k i on ∂ B(q k , τ). For the two other terms on the right hand side, we use Green's representation ofũ k i on B τ . Since the value ofũ k i is a constant on ∂ B τ , it disappears after differentiation. Then
Using these expressions in the evaluation of the two remaining terms, the right hand side of the Pohzoaev identity is SE 5 . Thus (4.24) holds.
To further determine (4.24) we consider N = 2 and N ≥ 3 separately. First for N = 2, the Green's representation of u k 1 gives
and by evaluating u k 1 away from q k it is easy to obtain u k
which gives
Thus (4.24) is translated as the following for N = 2:
Next for N ≥ 3 we not only determine the location of q k , but also p k l for l ≥ 3. Green's representation of u k 2 gives
whereū k 2 is the average of u k 2 . After using results for single equation we have
By the same method for case one, we see that the locations must satisfy
For N ≥ 3 we have a different expression of the expansions of u k i around q k :
So the derivatives of harmonic functions that cancel the oscillation of u k i around q k are ∇ψ k
Using (4.27) in (4.24), we have
Finally we compare the magnitudes of u k 2 at p k l for l ≥ 3. By evaluating u k 2 (p k l ) using standard estimates for single Liouville equation, we have
Equatingū k 2 for m = l, we arrive at λ k 2,l + 2 log
These are about the location of p k l for l ≥ 3. Proof of Theorem 4.1: The comparison of λ k 1 and λ k 2 , which is λ k 2,q in this case is stated in (4.9). The combination of (4.10) and (4.11) leads to (4.3). The difference between ρ k 2 and 8π is implied by (4.21) . Finally the location of q k is established in (4.25). Theorem 4.1 is established.
Proof of Theorem 4.2: The relation between λ k 1 and λ k 2 , as well as λ k 2,q is stated in (4.9) and (4.14) . The estimate of ρ k 1 − 4π is a combination of (4.10) and (4.12). The difference between ρ k 2 − 4N, stated in (4.5), is verified by (4.22) . The locations of q k and p k l can be found in (4.28) and (4.26) . Finally the comparison of local maximums of u k 2 other than q k is stated in (4.29). Theorem 4.2 is established.
PROOF OF THEOREMS STATED IN THE INTRODUCTION
Proof of Theorem 1.2: This is immediate for ρ k 1 → 4π and ρ k 2 → 4π. Since the classification of (σ k 1 , σ k 2 ) does not allow the bubbling disk of u k 1 to collide with that of u k 2 . Theorem 1.2 is established Proof of Theorem 1.1: From the classification of (σ 1 (q k ), σ 2 (q k )) we see that (2, 4) is the only case that bubbling disk collision is possible. Case three and case two have been discussed. Here we further claim that there is no other case. Here we put into two cases, if the spherical Harnack inequality around q k holds for u k 2 , we prove that case two happens. If the spherical Harnack does not hold we prove that case three happens. First if the spherical Harnack holds around q k for u k 2 , it is not possible to have λ k 2,q − λ k 1 → ∞, because otherwise the scaling of u k 1 according to its maximum will have singular sources, which will make ρ k 1 tend to a value greater than 4π. If λ k 1 = λ k 2,q + O(1), one sees immediately that this is not possible. First the bubbling profile in a disk around q k already has λ k 1 + 2 log δ k → ∞, where δ k → 0 in the radius of bubbling disk around q k , in which a profile of global solution of u k 1 can been seen inside. If λ k 2,q ≥ λ k 1 + O(1) we would have λ k 2,q + 2 log δ k → ∞, which is case three instead of case two. Therefore for case two we must have λ k 1 − λ k 2,q → ∞. The discussion for case two further gives λ k 1 − 2λ k 2,q → ∞. For case three, we here remark that it is not possible to have two bubbling disks of u k 2 not in comparable distance to q k : In other words, it is not possible to have p k 1 , p k 2 both tending to q such that |p k 1 − q k |/|p k 2 − q k | → ∞. The reason is if this happen, using the argument in [27] and [25] , there is l k → 0 such that Pohozaev identity can be evaluated on B(q k , l k ) but l k /|p k 1 − q k | → 0, l k /|p k 2 − q k | → ∞ and u k 2 and u k 1 both have fast decay on B(q k , l k ), which means Pohozaev identity gives (2, 2) as a type of concentration of (σ 1 (q), σ 2 (q)), which is against the known classification result for (σ 1 (q), σ 2 (q)). Then the further discussions about case two and case three finished the proof of Theorem 1.1.
Proof of Theorem 1.3: First from (4.3) in Theorem 4.1 we see that case two does not occur. In order to rule out case three, we observe from the expansion of ρ k 1 − 4π that the only way that ρ k 1 < 4π is when δ −4+ε k is less than λ k 1 . Then, in view of (1.7), it is enough to see e −λ k 2 = o(δ −12 k ). If this happens, we see immediately that ∇(log h 1 + 2 log h 2 )(q) + 24π∇ 1 β (q, q) = 0.
Thus if this function is never zero case three cannot happen either. Theorem 1.3 is established.
Proof of Theorem 1.4: First we observe that case two does not occur, since λ k 1 is not greater than 2λ k 2 . Next we need to rule out case three. The assumption λ k 1 and λ k 1 implies that µ k 2 > c log δ −1 k for some c > 0. Thus the d k terms can be removed from all related estimates. The fact that λ k 2 > 3+ε 4 λ k 1 implies that O(δ −1 k E) → 0 as k → ∞. Thus at q k we have ∇(log h 1 + 2 log h 2 )(q k ) + 24π∇ 1 β (q k , q k ) = o(1), a violation of the assumption that ∇(log h 1 + 2 log h 2 ) + 24π∇ 1 β (·, ·) is never zero. Theorem 1.4 is established.
APPENDIX
In this appendix, we explain how to choose p 1 , p 2 , p 3 to make the following matrix invertible:
where U is a global solution of ∆U + |y| 2 e U = 0, in R 2 , The invertibility of M is crucial to approximate a bubbling solutions by a sequence of global solutions. Since the global solution has no symmetry, most of the traditional methods fail miserably. By adjusting parameters of global solutions infinitesimally we can make global solutions and bubbling solutions agree on three points (for SU (3) Toda system) so that sharp estimates can be deduced from nondegeneracy results proved by Lin-Wei-Ye [28] . In this appendix we employ the ideas in [26] to SU (3), which may help readers understand better the more general situations discussed in that article.
Direct computation shows
Obviously M is invertible if and only if the following matrix is invertible: The determinant of M 2 is 2i sin(2(θ 2 − θ 1 ))s 6ε + O(s 4ε ). Thus by choosing s large, ε small and θ 1 , θ 2 appropriately we can make M 2 , as well as M, invertible.
